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Abstract In this paper, we introduce a Yosida inclusion
problem as well as a generalized Yosida approximation
operator. Using the graph convergence of Hð; Þ-accretive
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Li and Huang (Appl Math Comput 217:9053–9061, 2011),
we establish the convergence for generalized Yosida
approximation operator. As an application, we solve a
Yosida inclusion problem in q-uniformly smooth Banach
spaces. An example is constructed, and through MATLAB
programming, we show some graphics for the convergence
of generalized Yosida approximation operator.
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Introduction
A reasonable attention has been shown by many
researchers for the study of variational inclusions
(inequalities) and their generalized forms, which occupies a
leading and significant role to connect research between
analysis, geometry, biology, elasticity, optimization, image
processing, biomedical and mathematical sciences, etc. A
broad range of problems with which we encounter in
physics, economics, management sciences, and operations
research can be formulated as an inclusion problem
0 2 TðxÞ, for a given set-valued mapping T on a Hilbert
space H. Thus, the problem of finding a zero of T, i.e., a
point x 2 H, such that 0 2 TðxÞ is a fundamental problem
in many areas of applied sciences.
On the other hand, it is well known that monotone
operators on Hilbert spaces can be regularized into single-
valued Lipschitzian monotone operators via a process
known as the Yosida approximation. This Yosida approx-
imation operators are instrumental to approximate the
solutions of general variational inclusion problems using
non-expansive resolvent operators. Recently, many authors
[2, 3, 5, 6, 8–10] have applied Yosida approximation
operators and their generalized forms to solve some vari-
ational inclusion problems. Zou and Huang [14], Ahmad
et al. [1] introduced and studied the graph convergence of
Hð; Þ-accretive operators and Hð; Þ-co-accretive opera-
tors, respectively, for solving variational inclusion prob-
lems and their system. For more details, we refer to
[4, 11, 12, 15].
This paper deals with the introduction of a generalized
Yosida approximation operator with some of its properties.
Under the concept of graph convergence of Hð; Þ-accre-
tive operators, we prove the convergence of generalized














inclusion problem in q-uniformly Banach spaces.
A MATLAB programming related to graph convergence of
generalized Yosida approximation operator is discussed
with a consolidated example. Our results are applicable and
new in this direction and refinement of results of Li and
Huang [7].
Preliminaries
Let X be a real Banach Space with its dual space X. We
denote the duality pairing between X and X by h; i, and
2X is the family of all nonempty subsets of X.
The generalized duality mapping Fq : X ! 2X is
defined by
FqðxÞ ¼ f  2 X : hx; f i ¼ kxkq; kf k ¼ kxkq1
n o
; 8x 2 X;
where q[ 1 is a constant. For q ¼ 2, Fq coincides with the
normalized duality mapping. If X is a Hilbert space, F2
becomes the identity mapping on X. It is to be noted that if
X is uniformly smooth, then Fq is single-valued.
Throughout the paper, we assume that X is a real Banach
space and Fq is single-valued.
The function qX : ½0;1Þ ! ½0;1Þ is called modulus of
smoothness of X, such that
qXðtÞ ¼
kxþ yk þ kx yk
2
 1 : kxk 1; kyk t
 
:
A Banach space X is called





2. q-uniformly smooth if there exists a constant c[ 0,
such that
qXðtÞ ctq; q[ 1:
While encountered with the characteristic inequalities, Xu
[13] proved the following important Lemma in q-uniformly
smooth Banach spaces.
Lemma 1 Let X be a real uniformly smooth Banach
space. Then, X is q-uniformly smooth if and only if there
exists a constant cq[ 0, such that for all x; y 2 X;
kxþ ykqkxkq þ qhy;FqðxÞi þ cqkykq:
The following definitions and concepts are essential to
achieve the aim of this paper.
Definition 1 [14] Let A;B : X ! X and H : X  X ! X
be the single-valued mappings.
1. A is said to be accretive, if
hAðxÞ  AðyÞ;Fqðx yÞi 0; 8x; y 2 X;
2. A is said to be strictly accretive, if A is accretive and
hAðxÞ  AðyÞ;Fqðx yÞi ¼ 0; if and only if x ¼ y;
3. A is said to be dA-strongly accretive, if there exists a
constant dA[ 0, such that
hAx Ay;Fqðx yÞi dAkx ykq;
4. A is said to be cA-Lipschitz continuous, if there exists a
constant cA[ 0, such that
kAx Ayk cAkx yk; 8x; y 2 X;
5. HðA; Þ is said to be a-strongly accretive with respect to
A, if there exists a constant a[ 0, such that
hHðAx; Þ  HðAy; Þ;Fqðx yÞi akx ykq; 8x; y 2 X;
6. Hð;BÞ is said to be b-relaxed accretive with respect to
B, if there exists a constant b[ 0, such that
hHð;BxÞ  Hð;ByÞ;Fqðx yÞi  bkx ykq;
8x; y 2 X;
7. HðA; Þ is said to be r-Lipschitz continuous with
respect to A, if there exists a constant r[ 0, such that
kHðAx; Þ  HðAy; Þk rkx yk; 8x; y 2 X:
Similarly, we can define the Lipschitz continuity of H with
respect to B.
Definition 2 [14] Let H : X ! X be a single-valued
mapping and M : X ! 2X be a set-valued mapping. The
mapping M is said to be
1. accretive, if
hu v;Fqðx yÞi 0; 8x; y 2 X; u 2 MðxÞ; v 2 MðyÞ;
2. m-accretive, if M is accretive and ðI þ kMÞðXÞ ¼ X,
for all k[ 0, where I is the identity operator on X;
3. H-accretive, if M is accretive and ðH þ kMÞðXÞ ¼ X,
for all k[ 0:
Definition 3 [14] Let A;B : X ! X, H : X  X ! X be
the single-valued mappings and M : X ! 2X be a set-val-
ued mapping. The mapping M is said to be Hð; Þ-accretive
with respect to A and B, if M is accretive and ½HðA;BÞ þ
kMðXÞ ¼ X; for every k[ 0:
Lemma 2 [14] Let H(A, B) be a-strongly accretive with
respect to A, b-relaxed accretive with respect to B and
a[ b. Let M be an Hð; Þ-accretive operator with respect
to A and B. Then, the operator ½HðA;BÞ þ kM1 is single-
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valued and is called the resolvent operator, i.e.,
R
Hð;Þ
M;k : X ! X, such that
R
Hð;Þ
M;k ðuÞ ¼ ½HðA;BÞ þ kM1ðuÞ; 8u 2 X; k[0: ð1Þ
Furthermore, the resolvent operator defined by Eq. (1) is
1
ðabÞ-Lipschitz continuous.
Lemma 3 [3] Let fang and fbng be two non-negative
real sequences satisfying
anþ1  kan þ bn;
with 0\k\1 and bn ! 0: Then, limn!1 an ¼ 0:
Generalized Yosida approximation operator
and its convergence
We define the generalized Yosida approximation operator
using the resolvent operator defined by Eq. (1), that is
R
Hð;Þ
M;k ðuÞ ¼ ½HðA;BÞ þ kM1ðuÞ; 8x 2 X; k[ 0:
Definition 4 The generalized Yosida approximation
operator denoted by J
Hð;Þ








ðuÞ; 8u 2 X and k[ 0;
ð2Þ
where I is the identity mapping on X.
Lemma 4 The generalized Yosida approximation oper-
ator defined by Eq. (2) is
1. h1-Lipschitz continuous, where h1 ¼ ½abþ1kðabÞ ; a[ b:
2. h2-strongly monotone, where h2 ¼ ½ðabÞ1kðabÞ ; a[ b:
Proof
1. Let u; v 2 X and k[ 0. Using Lemma 2, we have
J
Hð;Þ


























M;k ðuÞ  JHð;ÞM;k ðvÞ

 h1ku vk; ð3Þ
where h1 ¼ ½abþ1kðabÞ ; a[ b:










IðuÞ  RHð;ÞM;k ðuÞ  ½IðvÞ






























ku vkq  1½a b ku vk
q
i
¼ ½ða bÞ  1





M;k ðuÞ  JHð;ÞM;k ðvÞ; Fqðu vÞ
D E
 h2ku vkq;
8u; v 2 X; k[ 0
and h2 ¼ ½ðabÞ1kðabÞ ; a[ b:
h
Note 1 It is interesting to note that resolvent operator
defined by Eq. (1) and generalized Yosida approximation
operator defined by Eq. (2) are connected by the following
relation:
kJHð;ÞM;k ðxÞ 2 ½kM þ HðA;BÞ  I RHð;ÞM;k ðxÞ
 
:
Let M : X ! 2X be a set-valued mapping. The graph of
the mapping M is defined by
graphðMÞ ¼ fðx; yÞ 2 X  Y : y 2 MðxÞg
Definition 5 [7] Let A;B : X ! X and H : X  X ! X be
the single-valued mappings. Let Mn;M : X ! 2X be
Hð; Þ-accretive operators for n ¼ 0; 1; 2; . . .. The sequence
fMng is said to be graph convergence to M, denoted by
Mn!G M, if for every ðx; yÞ 2 graphðMÞ, there exists a
sequence ðxn; ynÞ 2 graphðMnÞ, such that
xn ! x; yn ! y as n !1:
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Theorem 1 [7] Let Mn;M : X ! 2X be Hð; Þ-accretive
operators for n ¼ 0; 1; 2; . . .. Assume that H : X  X ! X
is a single-valued mapping, such that
1. H(A, B) is a-strongly accretive with respect to A and
b-relaxed accretive with respect to B, a[ b;
2. H(A, B) is c1-Lipschitz continuous with respect to
A and c2-Lipschitz continuous with respect to B.








¼ ½HðA;BÞ þ kMn1 and RHð;ÞM;k ¼ ½HðA;BÞ
þkM1:
Now, we prove the convergence of generalized Yosida
approximation operator in the light of graph convergence
of Hð; Þ-accretive operator without using the convergence
of resolvent operator defined by Eq. (1).
Theorem 2 Let Mn;M : X ! 2X be Hð; Þ-accretive
operators for n ¼ 0; 1; 2; . . ., and H : X  X ! X be a
single-valued mapping, such that conditions (1) and (2) of
Theorem 1 hold.



























M;k are defined in Theorem 1.
Proof Necessary part: Suppose that Mn!G M. For any
given x 2 X, let











ðx kzÞ ¼ RHð;ÞM;k ðxÞ ¼ ½HðA;BÞ þ kM1ðxÞ;
i.e.,












By Definition 4, there exists a sequence ðwn; ynÞ 2
graphðMnÞ, such that
wn ! ðx kzÞ; yn ! 1k ½x HðA;BÞðx kzÞ: ð4Þ
Since yn 2 MnðwnÞ, we have
HðAwn;BwnÞ þ kyn 2 ½HðA;BÞ þ kMnðwnÞ;
and so,
wn ¼ ½HðA;BÞ þ kMn1½HðAwn;BwnÞ þ kyn;
¼ RHð;ÞMn;k ½HðAwn;BwnÞ þ kyn;






wn ¼ 1kHðAwn;BwnÞ þ yn  J
Hð;Þ
Mn;k
½HðAwn;BwnÞ þ kyn: ð5Þ
Using (1) of Lemma 4 and Eq. (5), we have
zn  zk k
¼ JHð;ÞMn;k ðxÞ  z


¼ JHð;ÞMn;k ðxÞ þ
1
k







HðAwn;BwnÞ þ yn  JHð;ÞMn;k
½HðAwn;BwnÞ þ kyn  1kwn  z









HðAwn;BwnÞ þ yn  1kwn  z


 h1 x HðAwn;BwnÞ  kynk k
þ 1
k





wn  1k xþ z


¼ h1  1k
	 

x HðAwn;BwnÞ  kynk k þ 1k wn  xþ kzk k
¼ h1  1k
	 

x HðAwn;BwnÞ þ HðA;BÞðx kzÞk
 HðA;BÞðx kzÞ  kynk þ 1k wn  xþ kzk k
 h1  1k
	 

x HðA;BÞðx kzÞ  kynk k
þ h1  1k
	 

HðA;BÞðx kzÞ  HðAwn;BwnÞk k
þ 1
k




Since H is c1-Lipschitz continuous with respect to A and
c2-Lipschitz continuous with respect to B, we haveHðA;BÞðx kzÞ  HðA;BÞwn

¼
HðAðx kzÞ;Bðx kzÞÞ  HðAðx kzÞ;BwnÞ
þ HðAðx kzÞ;BwnÞ  HðAwn;BwnÞ

 HðAðx kzÞ;Bðx kzÞÞ  HðAðx kzÞ;BwnÞk k
þ HðAðx kzÞ;BwnÞ  HðAwn;BwnÞk k
 c2 x kz wnk k þ c1 x kz wnk k
¼ ðc1 þ c2Þ x kz wnk k: ð7Þ
Using Eqs. (7), (6) becomes
zn  zk k h1  1k
	 

x HðA;BÞðx kzÞ  kynk k
þ h1  1k
	 





wn  xþ kzk k:
By Eq. (4), we have
wn ! ðx kzÞ; yn ! 1k ½x HðA;BÞðx kzÞ;
i.e.,
kwn  xþ kzk ! 0; 1k kx HðA;BÞðx kzÞ  kynk ! 0;
and so





ðxÞ ! JHð;ÞM;k ðxÞ:




ðxÞ ! JHð;ÞM;k ðxÞ; 8x 2 X; k[ 0:
For any ðx; yÞ 2 graphðMÞ; we have y 2 MðxÞ, and hence
HðAx;BxÞ þ ky 2½HðA;BÞ þ kMðxÞ:
Therefore,
x ¼ I  kJHð;ÞM;k
h i
HðAx;BxÞ þ kyð Þ:
Let xn ¼ I  kJHð;ÞMn;k
h i
HðAx;BxÞ þ kyð Þ. This implies that
1
k
½HðAx;BxÞ  HðAxn;BxnÞ þ ky 2 MnðxnÞ:
Let y0n ¼ 1k ½HðAx;BxÞ  HðAxn;BxnÞ þ ky and using the
same arguments as for Eq. (7), we have
y0n  y
  ¼ 1
k









þ HðAxn;BxÞ  HðAxn;BxnÞk
 1
k
HðAx;BxÞ  HðAxn;BxÞk k
þ 1
k
HðAxn;BxÞ  HðAxn;BxnÞk k
 c1 þ c2
k
 
xn  xk k:
ð8Þ
Using above arguments, we have
kxn  xk ¼ I  kJHð;ÞMn;k
 
½HðAx;BxÞ þ ky  I  kJHð;ÞM;k
 
HðAx;BxÞ þ ky½ k
¼ I  kJHð;ÞMn;k
 









ðxÞ ! JHð;ÞM;k ðxÞ, we have from (9) that
xn  xk k ! 0 as n !1:
Thus, from (8), it follows that y0n ! y as n !1;
i.e.,
Mn!G M:
This completes the proof. h
Combining Theorems 1 and 2, we have the following
remark.




ðxÞ ! RHð;ÞM;k ðxÞ, and the convergence of the gener-
alized Yosida approximation operator J
Hð;Þ
Mn;k
ðxÞ ! JHð;ÞM;k ðxÞ
are equivalent if and only if the operator Mn!G M.







ðxÞ ! RHð;ÞM;k ðxÞ; 8x 2 X
) I  RHð;ÞMn;k
h i












) JHð;ÞMn;k ðxÞ ! J
Hð;Þ
M;k ðxÞ; 8x 2 X:
On similar way, we can show that J
Hð;Þ
Mn;k




ðxÞ ! RHð;ÞM;k ðxÞ. h
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We construct the following consolidated example which
shows that the mapping M is Hð; Þ-accretive with respect to
A and B, Mn!G M and JHð;ÞMn;k ! J
Hð;Þ
M;k . Through MATLAB
programming, we show some graphics for the convergence
of generalized Yosida approximation operator.
Example 1 Let X ¼ R; A;B : R! R and H : R R!








HðAðxÞ;BðxÞÞ ¼ AðxÞ  BðxÞ; 8x 2 R;
with the condition x2 þ y2 þ xy 1. Suppose Mn;M : R!










Then, for any fixed u 2 R; we have
hHðAx; uÞ  HðAy; uÞ; x yi ¼hAx Ay; x yi
¼ 1
8
ðx yÞ2ðx2 þ y2 þ xyÞ
 1
8
ðx yÞ2 ¼ 1
8
kx yk2:
Hence, H(A, B) is 1
8
-strongly accretive with respect to A. In
addition
hHðu;BxÞ  Hðu;ByÞ; x yi ¼ hBx By; x yi
¼  1
2
ðx yÞ2   3
2
ðx yÞ2:
Hence, H(A, B) is 3
2
-relaxed accretive with respect to B.
One can easily verify that for k ¼ 1,
½HðA;BÞ þ kM1ðRÞ ¼ R:
Hence, M is Hð; Þ-accretive with respect to A and B.
Now, we show that Mn!G M: For any ðx; yÞ 2 graphðMÞ,
there exists a sequence ðxn; ynÞ 2 graphðMnÞ, where let
























xn ! x as n !1:













x ¼ MðxÞ ¼ y:
It follows that yn ! y as n !1 and hence, Mn!G M:
Furthermore, we show that J
Hð;Þ
Mn;k
! JHð;ÞM;k as Mn!
G
M:












































































! JHð;ÞM;k as Mn!
G
M:
Using the above example, the convergence of general-






illustrated in the following figure for n ¼ 1; 2; 5; 15.
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A Yosida inclusion problem and existence
of solution
First, we state a Yosida inclusion problem and its equiva-
lence with a fixed point problem.
Let X be q-uniformly smooth Banach space and let M :
X ! 2X be Hð; Þ-accretive operator. We consider the
following problem.
Find x 2 X, such that
0 2 JHð;ÞM;k ðxÞ þMðxÞ; 8x 2 X; k[ 0; ð10Þ
where J
Hð;Þ
M;k is the generalized Yosida approximation
operator defined by Eq. (2). Problem (10) is called Yosida
inclusion problem.
The fixed point formulation of the problem Eq. (10) is
as follows:
x ¼ RHð;ÞM;k HðA;BÞx kJHð;ÞM;k ðxÞ
h i
; 8x 2 X; k[ 0: ð11Þ
Using the definition of the resolvent operator R
Hð;Þ
M;k defined
by Eq. (1), one can easily obtain the equivalence of Eqs.
(10) and (11).
Based on Eq. (11), we construct the following iterative
algorithm for solving Yosida inclusion problem Eq. (10).
Algorithm 1 For any x0 2 X, compute the sequence
fxng 	 X by the following scheme:











¼ T , where T : X ! X is a mapping, then the
Yosida inclusion problem (10) and Algorithm 1 reduces to
the variational inclusion problem (10) and Algorithm 1 of
Li and Huang [7], respectively, and note that for
suitable choice of operators in the formulation of (12), one
can obtain many existing problems and algorithms in
literature.
Theorem 3 Let X be a q-uniformly smooth Banach space
and A;B : X ! X be the single-valued mappings. Let H :
X  X ! X be a single-valued mapping and Mn;M : X !
2X be the Hð; Þ-accretive operators, such that Mn!G M.
Assume that
1. H(A, B) is a-strongly accretive with respect to A and
b-relaxed accretive with respect to B and a[ b;
2. H(A, B) is c1-Lipschitz continuous with respect to
A and c2-Lipschitz continuous with respect to B;
3. ða bÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 þ cqðc1 þ c2Þq  qða bÞq
p
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1  qkh2 þ cqkqh1q
p
;
4. ða bÞ ½c1 þ c2 þ kh1:
where h1 ¼ ½ðabÞþ1kðabÞ , h2 ¼ ½ðabÞ1kðabÞ , a[ b and cq is same
as in Lemma 2.1. Then, the Yosida inclusion problem (10)
has a unique solution and the iterative sequence fxng
generated by Algorithm 1 converges strongly to x.
Proof Let the mapping F : X ! X be defined by
FðxÞ ¼ RHð;ÞM;k HðA;BÞx kJHð;ÞM;k ðxÞ
h i
; 8x 2 X; k[ 0:
For any x; y 2 X and using Lemma 2, we have
kFðxÞ  FðyÞk ¼
RHð;ÞM;k HðA;BÞx kJHð;ÞM;k ðxÞ
h i
 RHð;ÞM;k HðA;BÞy kJHð;ÞM;k ðyÞ
h i
 1ða bÞ HðA;BÞx kJ
Hð;Þ




HðA;BÞx HðA;BÞy ðx yÞ
þ ðx yÞ  kJHð;ÞM;k ðxÞ þ kJHð;ÞM;k ðyÞ

 1ða bÞ HðA;BÞx HðA;BÞy ðx yÞk k
þ 1ða bÞ ðx yÞ  k J
Hð;Þ




Using the same arguments as used in Li and Huang [7], we
have
HðA;BÞx HðA;BÞy ðx yÞk kq
 1 þ cqðc1 þ c2Þq  qða bÞ
 kx ykq;
and hence
HðA;BÞx HðA;BÞy ðx yÞk k

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ






Using (1) and (2) of Lemma 4, we obtain
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 kx ykq  qk JHð;ÞM;k ðxÞ  JHð;ÞM;k ðyÞ;Fqðx yÞ
D E
þ cqkq JHð;ÞM;k ðxÞ  JHð;ÞM;k ðyÞ


 kx ykq  qkh2kx ykq þ cqkqh1kx ykq
¼ 1  qkh2 þ cqkqh1
 kx ykq;
i.e.,









Using Eqs. (14), (15), (13) becomes
kFðxÞ  FðyÞk 1
a b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

















1  qkh2 þ cqkqh1q
q
:
By condition (3), it follows that 0\k\1 and so (16) implies
that the mapping F has a unique fixed point x 2 X. Thus, x is
a unique solution of Yosida inclusion problem (10).
Next, we show that the sequence fxng generated by the
Algorithm 1 strongly converges to x.
Using Eqs. (11) and (12), we obtain
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Using Lipschitz continuity of H(A, B) in both the argu-
ments and Lipschitz continuity of generalized Yosida
approximation operator, we obtain





ðxnÞ  JHð;ÞM;k ðxÞ
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
 c2kxn  xk þ c1kxn  xk þ kcn þ kh1kxn  xk;
ð18Þ
where cn ¼




Using Eq. (18), (17) becomes
kxnþ1  xk bn þ 1a b ½c1 þ c2 þ kh1kxn  xk þ kcn;
where h1 ¼ ½abþ1kðabÞ :















ðxnÞ ! JHð;ÞM;k ðxnÞ:
Thus, bn ! 0 and cn ! 0 as n !1: It follows that
kxnþ1  xkPðhÞkxn  xk þ dn;
where dn ¼ bn þ kcn, and PðhÞ ¼ 1ðabÞ ½c1 þ c2 þ kh1: By
condition (4), we have 0\PðhÞ\1 and dn ! 0 as bn; cn !
0ðn !1Þ: By Lemma 3, we have
kxnþ1  xk ! 0:
This completes the proof. h
Remark 2 If we take J
Hð;Þ
M;k ¼ T , where T : X ! X is a
mapping and deleting condition (4) from Theorem 3, we
can obtain Theorem 4.1 of Li and Huang [7].
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